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1. INTRODUCTION 
The investigation of the stability of processes in materials with hereditary 
response and the relation of stability to thermodynamics are currently receiving 
considerable attention [l-6]. An important example of hereditary response is 
the constitutive relation of isothermal linear viscoelasticity, where the depend- 
ence of the stress on the history of the infinitesimal strain tensor is of the 
Boltzmann type [7]. The existence of a genuine memory induces a damping 
mechanism, and asymptotic stability is to be expected. 
In the present paper we study the existence, uniqueness, and asymptotic 
behavior of solutions to the evolution equations for a body composed of an 
inhomogeneous anisotropic linear thermoviscoelastic material, whose consti- 
tutive equations are an extension of linear viscoelasticity to the nonisothermal 
situation. The histories of the independent kinematic variables-displacement 
and temperature difference-are supposed given up to some time t = 0. Homo- 
geneous boundary conditions for the displacement and temperature difference 
fields are assumed, as is the absence of any longrange mechanical or thermal 
action from the outside world at all positive times. The main objective is to 
prove asymptotic stability. 
After the introductory Section 2, in which we collect the necessary mathe- 
matical prerequisites, we proceed in Section 3 to set down the evolution equa- 
tions, together with some restrictions on the material properties of the body 
imposed by the Clausius-Duhem inequality. Those restrictions motivate some 
of the assumptions made subsequently. Next, the boundary-initial value problem 
is formulated in a classical sense. 
Following a method based on the work of Visik and Ladyzenskaya [9] and 
Lions [lo], and applied by Dafermos [l I] in his study of an abstract ‘I’olterra 
equation, uniqueness and existenceof a generalized solution is proved inSection4. 
* Most of the research reported here was given in partial fulfilment of the requirements 
for the degree of Doctor of Philosophy at Oxford University. 
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Then we investigate the smoothness in time of the generalized solution by 
introducing spaces of fading memory type for the initial histories [12]. 
In Section 5 the asymptotic stability of solutions is studied. A suitable 
functional is defined and its monotonicity properties are investigated. This 
functional is essentially a free energy functional of the kind discussed by 
Coleman [4] and Coleman and Dill [5, 61. Finally, a theorem which accurately 
describes the behavior of solutions as t + 00 is proved with the aid of the 
functional. The set of conditions on the material sufficient to guarantee asymp- 
totic stability, although rather stringent, turns out to be realistic. Using a 
modified form of the theory of dynamical systems constructed by Hale [13, 141, 
analogous results are obtained in [8] for the purely mechanical case. 
2. MATHEMATICAL PREREQUISITES 
The underlying space will be the three-dimensional Euclidean point space R3 
in which the body is embedded. A typical element of R3 is the point x, and we 
shall use the term vector for elements of the associated vector space V. The 
processes of the body are described in R3 x R1, (x, t) being a typical point 
where t is the time variable. 
We write u . v for the scalar product of the vectors u and v, and ; u ! == 
(u . u)l/a for the magnitude of u. 
The term tensor stands for any linear transformation from the space V into a 
finite-dimensional inner product space U. 
A second-order tensor is a linear transformation from I/ into itself. The 
collection of all second-order tensors can be regarded as a nine-dimensional 
vector space having the scalar product M, . M, = trace M,MzT, where Mar, 
the transpose of Ma, is defined by the condition u M,v = v . MzTu holding for 
every pair of vectors u, v. The magnitude of M is given by \ M 1 = (M . M)1/2. 
A fourth-order tensor can be considered as a linear transformation of the space 
of second-order tensors into itself. The transpose, GT, of a fourth-order tensor G 
is defined by the condition M, GM, = Ma . GTM, holding for every pair of 
second-order tensors M, , M, . The magnitude, / G 1 , of G is defined by 
I G I = ,y, I GM I . 
We shall deal with scalar, vector, and tensor fields on subsets B x EC 
R3 x RI, by which we mean functions that assign to each (x, t) E B x E a 
scalar, vector, or tensor, respectively. 
Let B x E be open and let @ be a mapping from B x E into U, a finite- 
dimensional inner product space. We hold t E E fixed. We say that @ is differen- 
tiable at x E B if there exists a linear function f: V - U such that 
@(x’, t) - @(x, t) = f(x’ - x} + o(j x’ - x 1) as x’ ---f x 
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and we call f = V@(x, t) the gradient of @ at x at time t. We can define in the 
same manner the nth gradient, Cc”)@, of @ at x holding t fixed. 
If u is a vector field differentiable at x E B, the divergence of u at x is the 
scalar div u(x, t) = trace Vu(x, t). The divergence at x of a second-order tensor 
field M, differentiable at x, is the unique vector with the property [div M(x, t)] . c 
= div[MT(x, t) c] for every fixed vector c. 
Let {e, , e2 , ea} be an orthonormal basis, let (xi , x2 , x3) be the components of 
x and let GJ~~...~,~ be the components of the kth order tensor field @. The deriva- 
tives of @ with respect to the space variables are defined by the components 
az@‘il...i7< 
JXjl . . . axjl =; eQ . {[(((C”‘@ej,) ej,_,) ... ej,)] ei, ..‘I ei2 
of the tensor V(z)@ at x holding 1 fixed. 
We say that @ is differentiable in B if @ is differentiable at every point of B. 
By C”(B) we shall denote the class of fields differentiable up to the nth order in 
B and with V(%D, 1 = 0, I,..., n, continuous on B, the closure of B. By C”(B) 
we debote nc==, C”(B) and if support @ = s is compact, where S = 
{x / G(x) # 0}, and SC B we have the subclass C,,m(B) of test functions. 
We write d,, G,..., @cn), for the first, second,..., nth derivative of 6, with 
respect to time t holding x fixed. If the maps @ are elements of a Banach space 
9(B), and E is a time interval with closure E, we denote by C%(E; Q(B)) the 
class of functions @ with domain i? and range in 9(B), which possess on E time 
derivatives of order up to n, continuous on I??. 
Now let B be an open and bounded set of R3. We shall denote by W21z(B) the 
Hilbert space completion of C”(B) under the norm jj . IIn defined by 
where dx = dx, dx, dx, . When the fields @ are scalar fields we shall use the 
notation P(B), W,“(B), and O(B), W,“(B) when we deal with vector fields. 
mzn(B) [w2”(B)] will be the Hilbert space obtained by the closure of C,“(B) 
[C,“(B)] with respect to the norm of W?“(B) [W,“(B)]. PoincarC’s inequality 
implies that 
.r / V”+D I2 dx E 
is a norm equivalent to 11 *Iin for the space wzn(B). 
An integrable function @ on B is said to have a weak derivative, denoted by 
the same symbol as the corresponding ordinary derivative, if 
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for all functions 9 E C,ffi(B). In general, W,“(B) coincides with the class of 
functions in&(B) having weak derivatives in&(B) of order up to ..l 
3. BOUNDARY-INITIAL VALUE PROBLEM 
In this section we motivate the constitutive equations defining the linear 
thermoviscoelastic material, as well as some restrictions on them induced by the 
entropy production inequality. Then, we formulate the special boundary-initial 
value problem of the coupled dynamic theory which we develop in a general 
sense in the following sections. 
Consider the body to be identified with the region it occupies in a fixed 
reference configuration which we take as a natural state, namely, a state with 
zero stress and constant base temperature 0,) strictly positive. Let x be the 
position of a material point at time t, let u(x, t) be the displacement and let 
0(x, t) - 0, = 6(x, t) be the temperature difference from t$, . 
We postulate a specific Helmholtz free energy functional, Y(x, t), depending 
upon both displacement and temperature difference history in a quadratic 
manner? 
pU(t) = + Vu(t) * G(a) Vu(t) - B(t) L(m) . Vu(t) - ; ,I p P(t) 
0 
-$ 
i' 
t [Vu(t) - VU(T)] * G(t - T) [Vu(t) - VU(T)] dr 
-cr. 
(3.1) 
+ j”’ [e(t) - O(T)] i(t - T) . [Vu(t) - VU(T)] dr 
--T, 
where p(x) is the mass density field in the natural state. The material properties 
G(x, s), L(x, s), and c(x, s), s 3 0, are the relaxation tensor fields of fourth, 
second, and zero order, respectively. We assume that they are functions of class 
C2 on their domain of definition [0, CO). By G(x, co), L(x, co), c(x, co) we denote 
the limits 
which we can call the equilibrium elasticity modulus, equilibrium stress-tempe- 
1 A comprehensive study of the Sobolev spaces W,” can be found in [15] for p = 2, 
and in [16] for the general case p > 1. 
* The dependence on x is omitted for convenience. 
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rature tensor, and equilibrium specific heat. We assume that the symmetry 
conditions3 
G(s) = G=(s), L(s) = LT(S) (3.2) 
are satisfied for all s > 0. 
The local statement of the energy balance law is given by 
where r(x, t) is the specific heat supply field, 7(x, t) is the specific entropy field, 
q(x, t) is the heat flux vector, and T(x, t) = TT(x, t) is the stress tensor field. 
The local form of the Clausius-Duhem inequality reads 
and the elimination of Y between (3.3) and (3.4) yields 
-p=pEj~+T.vti-~/ , q*ve>o 
0 
(3.4) 
(3.5) 
where we have retained only terms of first order in Ve/@. 
The local entropy production inequality (3.5) must be satisfied for any 
process undergone by the body. Substituting for p!#’ from (3.1) into (3.9, 
rearranging terms, and taking into account that the resulting inequality must 
hold for arbitrary values of &i(t) and 6(t), it follows that4 
T(t) = G(0) Vu(t) - B(t) L(0) + I” G(t - 7) VU(~) dT - jt ia(t - 7) O(T) dT, 
-9 -m 
(3.6) 
p?#) = L(0) * Vu(t) + p 9 O(t) + jt L(t - T) . VU(T) d7 
0 -x 
+ $ jt C(t - T) O(T) dT, 
0 --a 
3 Within the general framework of the theory of thermodynamics of simple materials 
with fading memory, Coleman [17] has studied the consequences of the Clausius-Duhem 
inequality on the stress relaxation function of linear viscoelasticity in isothermal condi- 
tions. He concludes that G(O), G( ) cc are both symmetric and their difference, G(0) - 
G( to), is positive semidefinite. A stronger assumption, the dissipativity requirement, 
implies furthermore (Gurtin and Herrera [18]) that G( CO) is positive semidefinite. How- 
ever, the symmetry of G(s) for every s is not a consequence of either the Clausius-Duhem 
inequality or the dissipativity requirement, as is shown by Shu and Onat [19] and Day [20] 
by constructing a counterexample. The latter author [21] gives a different condition 
which is equivalent to (3.2), . 
4 We assume that T and T are functionals depending upon the histories of Vu and 8. 
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which are the constitutive equations for the stress tensor and specific entropy 
difference. 
We complete the set of constitutive equations by restricting our attention to 
Fourier’s law for the heat flux vector: 
--4(x, t) = K(x) VW), (3.8) 
where K(x) is the thermal conductivity tensor field. 
After (3.6), (3.7), the inequality (3.5) reduces to the inequality 
PS-7, 
4-ve>o 
0 
where 6, the internal dissipation, is given by 
ps(t) = $-c [Vu(t) - VU(T)] . d’(t - T) [Vu(t) - Vu(,)] d7 
-- 2”e f E(t - T) [O(t) - O(T)]” d7 
0 co 
- It [i?(t) - e(T)] L(t - T) ’ [U(t) - h(T)] dT. 
---m 
(3.9) 
By considering a particular process with VB = 0 for which (3.9) must apply, 
we have 
s >, 0. (3.11) 
Therefore, if 
--c(s) = c2(s) > 0, s>,o (3.12) 
and 
M - e(s) M 3 g,(s) I FJI 12, g2(s) 3 0, s 3 0 (3.13) 
for every second-order tensor M, and furthermore, 
(3.14) 
then the inequality (3.11) is obviously satisfied. 
Using (3.11) a sufficient condition for (3.9) to be met is found to be q . VB < 0, 
which implies, in view of (3.8), the positive semidefiniteness of the thermal 
conductivity tensor K. 
The local form (3.3) of the balance of energy law can be rewritten as 
pr+p6-p&j-divq=O. 
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But 6 is a second-order term and 0 = B,, + first-order term; hence, for a 
consistent first-order theory, we must have 
pr - pQj - div q = 0 (3.15) 
as the linearized version of the energy equation. The remaining field equation is 
the local form of balance of linear momentum: 
div T I pb =: pii, (3.16) 
where b is the specific body force. 
Substituting (3.6), (3.7), (3.8) in (3.15), (3.16), and assuming that the required 
smoothness properties are met, we obtain 
pii = div [G(O) Vu(t) - e(t) L(0) + It G(t - T) VU(T) dT 
-02 
(3.17) 
div[KVB(t)] = B,-, g [L(O) . VU(~) + 1’ L(t - T) . Vu(,) dT 
-m 
+P $f e(t) + kJ;m i(t - T)~(T)~T] - pr(t) 
(3.18) 
as the system formed by the equation of motion and the coupled heat conduction 
equation for the linear thermoviscoelasticity theory. 
We now formulate our boundary-initial value problem in a classical sense. Let 
the body B occupy a bounded regular domain of R3 with boundary aB, that is, a 
bounded domain such that the Green-Gauss formula is applicable [22].5 
We assume that the externally applied body forces b vanish identically, except 
for possibly their application in t < 0, that is, 
b(x, t) = 0 on B x [O, co). (3.19) 
In including long-distance thermal effects, we assume that the external heat 
supply r is identically zero for t > 0: 
Y(X, t) = 0 on B x [0, co). (3.20) 
We also assume that displacement and temperature difference fields are known 
up to time t = 0, namely, 
U(X, t) = q(x, t) on B x (-co, 01, 
0(x, t) = Bl(x, t) 
(3.21) 
on B x (-co, 01, 
5 By bounded domain we mean an open, bounded, and connected set. 
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where q(x, t), 0,(x, t) are given functions. Hence, using (3.19), (3.20), (3.21), 
we can cast (3.17), (3.18) into the form 
pii = div [G(O) Vu(t) - e(t) L(0) + 1’ G(t - T) VU(T) d-r 
0 
- jot i(t - T) O(T) do] + b,,(f) 
,, 
div[KVB(t)] + r,(t) = 8, $ [L(O) . Vu(t) + p 9 O(t) + j-” t(t - 7) * VU(T) dr 
0 0 
i- : jot C(t - T) O(T) dr] , 
0 
(3.22) 
can be regarded as assigned body force term and heat supply term, respectively, 
both arising from the past history of strain and temperature. 
We assume the homogeneous boundary condition of place 
u(x, t) = 0 on aB x [O, a) (3.24) 
together with the thermal condition 
0(x, t) = 0 on aB x [O, co) (3.25) 
which states that the boundary is maintained at constant temperature 0, . 
Let a fixed time interval (0, to) be given. A classical solution of the initial 
history-boundary value problem in B x (0, to) is a pair (u, 0) satisfying (3.17) 
(3.18) with (3.19), (3.20), on B x (0, to), together with (3.21) and (3.24) (3.25) 
on i?B x [0, to). Alternatively, a classical solution can be considered as a pair 
(II, 0) satisfying (3.22) on B x (0, to), together with (3.24) (3.25) on i?B x [0, to) 
and the initial conditions 
h(x), k(x), 4(x)) = (ul(x, O), 4(x, O), G(x, 0)) on El (3.26) 
We turn now to deriving an identity satisfied for any classical solution. Let 
us consider the set of function pairs 
{(w, /3) / w E P([O, to]; C,l(B)), w(t,) = 0 on B and 
P E Cm([O, toI; GV)), B(to> = 0 on 3. 
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We form the scalar product of (3.22), , (3.22), , and w(t), p(t), respectively, and 
we integrate over B x (0, to) and sum. Performing integration by parts and 
using (3.26), together with the particular choice w(l) = (t - t,) c(t) and /3(t) = 
(t - to) a(t)&, , we have that any classical solution (u, 8) will satisfy 
-%(u, q, (v, 41 = I[& I, ir I, @I), (v, 41 -t S[(b, , ro), (v, a)] (3.27) 
for all (v, a) E Cm([O, to]; C,‘(B)) x C=([O, t,,]; C,,l(B)), where 
A[(& q, (v, &)I 
~~ If” [ 10 - to) [pti(t) . ii(t) - V+(t) . G(0) Vu(t) + B(t) L(0) . V+(t) 
‘0 -B 
- if v+(t) . C;(t - T) VU(T) do + It O(T) L(t - T) + V+(t) & 
0 0 
-; k(t) L(0) - h(t) + St k(t) i(t - T) . VU(T) d7 
0 
I’&(t) d(t - T) O(T) dij 
-..- pi+) . C(t) + a(t) L(0) Vu(t) + I” a(t) L(t - T) . VU(T) dr 
0 
+ p y a(t) O(t) + f il’ a(f) E(t - T) O(T) d7 
I 
7 lyl, it Vc+) . K’%(T) dj dx dt, 
0 
4(UI 7 6 > H,), (v, 41 
to ’ 
! [ PC(O) . il, + a(O) L(O) . VW + p ‘B 
9 o(O) (1,] dx, 
(3.29) 
0 
and 
Wo 3 ro), (v, 41 
(3.30) 
1 - f’“[ (t - to) [C(t) . b,(t) + + a(t) ro(t)] dx dt. 
‘0 ‘B ” 
Through (3.27) we define in the next section a generalized solution to the 
problem defined by the Eqs. (3.22), (3.24), (3.25), (3.26) and prove its existence 
and uniqueness. That solution will not be in general a classical solution, unless 
additional hypothesis are made. 
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4. PROPERTIES OF SOLUTIONS 
After having proved in the present section the existence and uniqueness of a 
generalized solution, we investigate its smoothness properties. For that purpose 
we introduce spaces endowed with norms of the fading memory type studied 
by Coleman and Mizel [12]. 
Let the region occupied by the body B be a bounded domain of R3. \Ye assume 
that for fixed s E [0, co) the material properties G(x, s), L(x, s), c(x, s), K(x) are 
Lebesgue measurable functions, essentially bounded on B, and with norms 
(i) 
Ii G(s)/1 = ess. sup / &x s)i 
(i) 
? 7 /I L(s)// = ess. sup / !!(x s)l > > 
XEB XEB 
(i) 
Ii C(s)11 = ess. sup 1 ($x s)] > 7 
XEB 
where i = 0, 1, 2. It is also assumed that L(x, S) satisfies (3.2)s) i.e., 
and that6 
L(x, S) = LT(x, S), S30 
G(x, 0) = G=(x, 0) 
almost everywhere on B. 
We make the following further assumptions: 
(a) 0 < p0 < ess. inf p(x) < ess. sup p(x) < pi . 
XEB X6B 
(b) ess. inf c(x, 0) > c0 , cg > 0. 
XEB 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(c) There exists a positive constant g, such that 
s VV . G(0) VV dx 2 g,, 11 v 11: for all v E Gzl(B). (4.5) B 
(d) There exists a positive constant K such that 
s Voi-KV~dx>Kjiolli; for all ol E m:(B). (4.6) B 
6 We assume in this section that the material is defined from the outset by the con- 
stitutive equations (3.6), (3.7), (3.8). Therefore, the symmetry of G(s) for all s > 0 is not 
assumed and is not needed in the subsequent theorems concerning the mixed initial- 
boundary value problem for the evolution equations (3.22). 
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(e) I! W)ll , II WI , II +)I1 , II +)ll are continuous functions on [0, co). 
Furthermore, 
(i) (i) 
II G(s)11 < Wh II c(s)ll < Ri(s), i= 1,2, (4.7) 
where R is a constant, i(s) ~Lr(0, co), and i(s) > 0 almost everywhere. Moreover, 
the function i(s) satisfies the condition that the values of 
(4.8) 
are finite for all t E [0, c0).c 
(f) For all s 3 0 
II Wll ,< wv’2 (Ii wll)“” (II W!Yi2> (4.9) 
II w < h143Y’2 (II m”” (II wY’2* (4.10) 
Remark 4.1. Obviously, condition (4.10) finds a motivation in the inequality 
(3.14). As we shall show in the next section, conditions (3.12), (3.13), (3.14) 
together with the facts lkY,, /I G(s)11 = lim,_, I] C(s)11 = 0, implied by (4.7), and 
lim s”?3 ~1 k,(s):1 = 0, lead to a stronger condition than inequality (4.9) as well as 
some monotonicity restrictions upon -G(S), k(s). Assumptions (4.3), (4.4) are 
physically natural. We have already stated in the footnote 3 how (4.5), (4.2) 
may be interpreted. Condition (4.6) is clearly related to the heat conduction 
inequality q . ve < 0. 
DEFINITION 4.1. Choose any t, > 0. We denote by Pto the Hilbert space 
obtained as the completion of the set 
under the norm !j . I/ induced by the inner product 
<(Vl 9 4, (v2 9 ~2DP,o 
= f”/ [C,(t) . G2(t) + Vv,(t) . Vv,(t) + q(t) a2(t) 1’ VCL~(T) . VLX~(T) d7-j dx dt. 
n B n 
(4.11) 
’ The function i(s) is an “influence function” of the type used in [12]. If i(s) is monotone 
decreasing on (0, a)), (4.8) will be bounded on [0, CO) and the relaxation property will 
hold. If, in addition, i(s) is such that 
lim ess. sup i(s -t t)/;(s) = 0 
t-tm sEw,m, 
(4.12) 
then i(s) satisfies ule-bls < i(s) < u2e-*zs ax. on (0, 03) for some positive constants 
al , a, , h , b, . 
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DEFINITION 4.2. By Tt, we denote the set 
((v, a) / v E C-([0, t,]; tizl(B)), v(0) = 0 on B and 01 E Cm([O, to]; $‘sl(B))}. 
We equip the set T’, with the inner product 
which induces the norm (1; . [I/ . 
DEFINITION 4.3. By H(B) we denote the space completion of the set 
{b ( b E L,(B)] under the norm 
(4.14) 
Let t, > 0 and let A, I, S be defined as in (3.28), (3.29), (3.30), respectively. 
It is easy to see that all these definitions make sense for the more general spaces 
considered here. Therefore, we may state: 
DEFINITION 4.4. A generalized solution of the equations (3.22) (3.24), (3.25) 
in B x [O, t,], with initial conditions (II,, ir, , 0,) E k.l(B) X L,(B) X L,(B) 
and supply term (b, , rO) ~Ls([0, t,]; H(B) x L,(B)) is a pair (u, 8) E PC0 satis- 
fying 
A[(u, % (v, 41 = I[@, , ii, 7 61, (v, 41 i SW, > ro), (v, 41 (4.15) 
for all (v, a) in the set TfO . 
This definition of a generalized solution is meaningful since by (3.27) a 
solution in the classical sense is a generalized solution. Also, if (u, 0) is a gene- 
ralized solution which is sufficiently smooth, then it is a classical solution. 
LEMMA 4.1. If t, > 0 is sufficiently small, there exists a positive constant C, 
such that 
4(V> 4, (v, 41 > CA Ill(V> cm” (4.16) 
for all (v, a) E TtI. C, and tI depend only on the material. 
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Proof. Integrating by parts the expression for A[(v, 01), (v, cl)], and using 
(4.2) together with v(0) = 0 on B, we obtain 
4(v, 4 (v, 41 
h 
=z 
SSI +- ,G(t) . i(t) + ; Vv(t) . G(0) Vv(t) + + P T 
49 a(t)2 dx dt 
0 B 0 I 
+ t, jB I+- p+(o) . qo) + + p F ~(0)~ dx 1 
+ & jotljBjot Var(~) . KVc+) dr dx dt 
- [ - ?;“I (t - t1) ]Vv(t) . G(0) Vv(t) - f E(O) a(t)2 
- 2a(t) i;(O) . Vv(t)/ dx dt 
+ jotljB (t - tl) ] - jot h(t) * ti(t - 7) F%(T) dr + f jot i’(t - T) a(t) a(~) dT 
+ it a(t) E(t - T) * VI+) d7 + j” a(~) L(t - T) . Vv(t) dr/ dx dt 
‘0 0 
+ jo’% ]- J’,’ vV(t) * e(t - T) vV(,) dT + jot a(T) i;(t - T) * b(t) dT/ dx dt] 
Using the Cauchy-Schwarz inequality to estimate the middle four terms in 
the square bracket, we have 
1 jotljB (t - tl) ]- jot VV(t) - e(t - T) VV(T) dT + k jO’ t(t - 7) a(t) a(~) dr 
+ jot a(t) E(t - T) * vV(T) dT + jot +) ‘i(t - T) * TV(t) dT/ dx dt 1 
G tl f sup 
SqO.tI] 
II &II (I” II v(t)lL dt)’ + $$ s~l~~l, II Wll (jot’ II #Ilo df)z 
+ 2 ess. SUP I/ b)ll (f’ II WI, d’) (f’ll +ll, dt)/ 
se[o,t,] 0 0 
< tl ] SUP II &II (jot’ !I WI1 dt)’ + t ;; II WI (jot’ il #II, dt)2 
[o.tll * 1 
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+ %d90>1’2 (sup II &W2 (sup II +)1/)1’2 (St1 II v(m d”) (f’ II 4thdt)~ 
[O.tJ Co*t,l 0 0 
G 2t, ISUP II &II ( f’ II v(t)111 q + F SUP II w (If1 II 4t)llo dig21 
t0.q ‘0 O wt,1 0 
G 2t,2 [;ouF, II &)I1 p v(# fit t- t ;ou;, II E(s)ll s,” II 4% q I 
’ 1 * 1 
where we have made use of (4.10). S imilarly, applying the Cauchy-Schwarz 
inequality and using (4.9), we obtain 
1 It j- I- It Vv(t) . t;(t - T) VV(T) dT -+ 1’ a(~) i& - T) . Vv(t) dr\ dx dt 
‘0 B, 0 0 
G 2h 1 SUP II %)I1 ftl II v(t)l!f dt + $$ ~6 ‘I E(s)11 it’ II a(t)ll; dj . 
w.t*1 ‘0 7 1 
Finally, and in the same way, 
/ jotllB (t - &) j-%(t) . G(O) Vv(t) + t 6(O) a(t)2 + 2a(t) i;(O) . Vv(t)! dx dt 1 
Therefore, using the estimates above, together with (4.3), (4.4), (4.5), (4.Q we 
obtain 
-WV, 4, (v, 41 
- [f,(2h SUP II &)I1 + 2 SUP /I G;(s)11 + 2 /I G(O)(l) Jot1 /I v(t)# dt 
[o.t,l Co*t,l 
+ tl (y ;oUF, /I t(S)11 + $f FOP, I! +)\I + 2 11 C(O)ll) .cb’ 11 a(t)(l; dt) . 
* 1 
If we choose tl small enough, we can get 
G-% SUP II &)ll + 2 sup II G;(s)11 + 2 /I %(O)ll) < $f 
P.t,l w.tJ 
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and 
and thus, t, turns out to depend only on the material. Therefore 
A[@, 4, (v, a>] 2 81 t1 II ir(t)lli dt + // v(t)# dt + 
0 
y 1” 
'0 
'$ 
0 
j" 11 (~.(t)$ dt 
0 
GPO 
4 2 II +(o,il: + q I/ a(O)ll; + ; jot*jot II c+)ll; dT dt 
3 min 
i 
J3- Jk Poco K 2 ’ 4 ’ 40, ’ B. 1 iil(v ’ ~)lli” 
. 
Thus, the required result follows by setting CA = min(p,/2, g,/4, poco/4Bo , K/6,), 
and CA will depend only on the material. 
LEMMA 4.2. Let (a, 0) be a generalized solution of (3.22), (3.24), (3.25) in 
B x [O, to] with initial conditions 
(1+1) (z+2) (2+1) 
( UI I UlY 01) 
and supp[y term (b,,, , Y~+J. Then 
is also a generalized solution in B x [0, to] with initial conditions 
(1) (2+1) (I) 
(UI, UI > 6) 
(2) (2) 
and supply term (b, , Ye). The pair (u, , 01) is given as a solution of the system8 
i 
(2) 
1 
(1Cl) (2+1) 
VP . KV OI dx = B [r;(O) - B,L(O) * V uI - PC(O) 0, ] /3 dx 
B 
v B E &l(B), (4.17) 
(1) 
j VwS(O)V1:dx= j [B,L(O)*Vw-pw. 
(2+e) 
UI + b,(O) *WI dx 
B B * 
V w E F@(B), 
* The existence and uniqueness of the solutions to the system (4.17) is a consequence 
of (4.6), (4.5), and the Lax-Milgram theorem [15]. 
414 CARLOS B. NAVARRO 
where r;(O) EL,(B) and b,(O) E H(B) are assumed to be known, r;(O) being related 
to the value of r1 at t = 0 by 
(1) (2) 
rt(O) = &L(O) . VUJ + pi(O) 01 + r;(O). (4.18) 
The supply term (b, , YJ is related to (bl,, , rl+l) by means of the equations 
s, w * bz+dt) dx = s, 
(2) (1) 
[ w . b,(t) - VW - G(t) Vu1 + &L(t) * VW] dx 
v w E F+(B), 
(4.19) 
Proof. Since (ii, e> is a generalized solution with the initial conditions and 
supply term stated, the pair (ii, d) will satisfy the equation 
(z+1) (2+2) (1+1) 
A[(k h, (v, 41 = SE(bL+lj rt+A (v, 41 + I[( UI, UI, 4 1, (v, 41 
for all (v, CX) E Tt, and, in particular, for a test function with +(t,) = 0 and 
a(to) = 0. Then, integrating once more by parts with respect to time, using 
(4.19), and choosing later 
(y(t) =  -!to) s ‘,a (T - to) a’(~) d7, t
where (v’, 01’) E T”, , a lengthy but straightforward calculation, at the end of 
which we make use of (4.17) and (4.18), h s ow that (ir, 8) satisfies the equation 
(2) (1+1) (2) 
-W, @, (v’, 41 = IKur, 111 a ‘Q, W, 41 + SW, > rd, W, 41 
and the lemma is proved. 
THEOREM 4.1. If there is a generalized solution to the problem defined by the 
equations (3.22), (3.24), (3.25) in B x [0, to] with given initial conditions and 
supply term, then this solution is unique. 
Proof. To establish uniqueness it will suffice to show that if (u, 0) is a 
generalized solution of (3.22), (3.24), (3.25) in B x [O, to] with b,(t) = 0, 
r,(t) E 0, G,(x) = 0, u,(x) = 0, 0,(x) = 0, then (u, 0) is zero. 
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Let t, be chosen as in Lemma 4.1, and let us set 
ii(t) = J1: U(T) dr, g(t) == j”’ O(T) d7. 
0 
Then, a simple application of Lemma 4.2 shows that (ii, 8) satisfies A[(& 8), 
(v, a)] = 0 for all (v, CX) in the set Tt . But we can extend this equation by 
continuity for (v, a) in the completionlof T’, under the norm 
Hence, in particular, we shall have A[(& 8), (ti, 8)] = 0. Therefore, inequality 
(4.16) of Lemma 4.1 will imply c(t) = 0, 8(ct) = 0 for t E [0, tl]. If t, is in 
(0, to] the repetition of the argument for the consecutive intervals [tl ,2t,], 
[2t, , 3t,J, etc., proves that ii(t) = 0, 8(t) = 0 for t E [O, to], and the result 
u(t) = 0, e(t) = 0, t E [O, 431 
follows. 
THEOREM 4.2. There exists a generalized solution (u, 8) of Eqs. (3.22), (3.24), 
(3.25) in B x [0, to] with given initial conditions (u, , ti, , 0,) E wgl(B) x L,(B) x 
L,(B) and supply term (b, , rob) E&([O, to]; H(B) x L,(B)) with b,(t) EL~([O, to]; 
H(B)). 
Proof. We use a standard argument presented, for instance, in [9, IO] and 
based crucially on Lemma 4.1. 
Again, we choose t, as in Lemma 4.1 and prove the theorem for [0, tl]. If t, 
is in (0, to], we repeat the argument for consecutive intervals, thus getting the 
required result for [0, to]. 
Since A[(u, S), (v, a)] is a continuous linear functional on P”, , the Riesz- 
Fischer theorem asserts that we may represent it in the form 
4h e), 65 41 = ah em5 4)pt, v (u, 0) E cl , 
where f: T’, --f P”, is a linear map. 
If we assume that f(v, a) = 0 for some (v, a) E Tt, , we have A[(u, e), 
(v, CX)] = 0 for all (u, 0) E P”, and, in particular, A[(v, a), (v, a)] = 0. Hence, by 
Lemma 4.1, we have (v, a) = (0, 0) and the map f is injective; whence f -1, 
its inverse, is a well-defined mapping of the range off onto Tt . 
On the other hand, by Lemma 4.1 and the Cauchy-Schwaiz inequality, we 
have 
cA w-lb’, ok G w, 01 . 
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Moreover, according to the uniqueness Theorem 4.1, the assertion 
au, Qj(v, 4>Pt1 == 0 for all (v, a) 
implies (u, 0) = (0,O) and the orthogonal complement of the domain of f-r is 
the set ((0, 0)). Th ere f ore, the domain off-l is a dense subset of Ptl and, extend- 
ing by continuity, f-l becomes a continuous map .fpl: PtI -+ T;, , where T;, is 
the completion of Tfl under the norm I:! . ii/ . 
Now, since v(0) = 0, we have t1 -s I (t - tl) i(t) . b,(t) dx dt o B 
= f’i‘ v(t) - b,(t) dx dt + f’j” (t - tl) v(t) . b,(t) dx dt 
o B 0 B 
and, applying the Cauch-Schwarz inequality, it follows that 
/ JotlJB (t - h) C-;(t) - b,(t) - $j r,(t)] dx dt ! 
< max [(l + tr), +] [J” [II bo(t)ll?l + II holler + II ro(t)ll3 df]’ 
3’ 
’ lI’(v, 4li - 
0 0 
Also, 
I S[ t1 piir * e(o) + a@) L(O) * vu1 + P B q H,a(O)] ax / 
< 2(t,)l’” max (PI II k HO , II L(O)/1 II UI 111 + 2 /I 4O)ll II @1ll0) Ill(v, a)ili . 
Hence, I[(u, ,4, e,), (v, a)] + Wb, , ro), (v, a)] can be considered as a con- 
tinuous linear functional on T;, . Consequently, 
(1-t 3 (VP a) = ((T, 4, (VT “))Ttl , 
where (3,s) E Tl 1 . Then, 
A[(% 0 (v, 41 = ((u, fw(v, 4>P tl = ((V.1 a (v, "))Ttl 
= ((7, 4,f-'(u', O>Tt, 
for all (u’, 0’) E Pt, , and if f-l* is the adjoint map of ,fpr, we have 
<(u, Q (u’, wPtl = (f-l*(+, 4, (u’, WPtl for all (u’, 0’) E Pfl . 
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From here, it follows that the solution we are searching for is given by (II, 0) = 
.fpr*(F, E) and the theorem is proved. 
Now we turn to proving a theorem concerning the smoothness of solutions 
under defined conditions on the initial histories of displacement and tempera- 
ture. 
DEFINITION 4.5. We denote by Zn the Banach space completion of the set of 
function pairs (U, , 0,) c C”((- co, 01; &l(B)) n Cy(-q 01; L,(B)) x 
Cn((-m, 01; I@zl(B)) by means of the norm 
n+1 (1) 
Ku1 f 4)ln = f II &)lll + c Ii w)/~o + i II (kO)ll,, 
Z=O Z=O I=0 
THEOREM 4.3. Suppose that the initial history (ul , 0,) is in 2% . Then, 
(a) There exists a unique generalized solution (u, 0) of Eqs. (3.17) (3.18), 
(3.19), (3.20), (3.24), (3.25) in B x [0, to] which satisjk condition (3.21), and 
such that 
(u, 0) E C”([O, to]; &l(B)) n C-([O, to]; LJB)) x F([O, t,];&(B)). (4.20) 
(b) This solution satisjies the estimate 
(4.21) 
z-o [O,fo] z=o [O.tO] 
where M depends on the material and to but does not depend’on (ul , 0,). 
Proof. We shall prove the theorem assuming that (ur , 19,) E yz7n,r . The 
denseness of Zn+r in Xn will do the rest. 
(a) Obviously, the fields 
(z) (2+1) (2) 
UI 9 UIT or 
of Lemma 4.2 are given by 
(I) (2) 
uI = u,(O) (I = 0, l,..., n + 2), and 
(2) (2) 
0, = e,(O) (I = 0, I,..., n + 1). 
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A straightforward computation in which we use the fact lims+m 11 G(s)\\ = 
lim,,, 1) i(s)\\ = lims+oc 11 e(s)11 = 0, implied by (4.7), (4.9), shows that the fields 
b,(t), rl(t) in the same lemma are given by 
jB w . b,(t) dx = .cu,s, I-V 
(1) (1) w . qt - T) Vq(7) +O,(T) qt - T) .VW] di- dx, 
s B + rl(t) dx = - j:- jB [t,(t - T) - V&T) + e ‘t’,(r) i(t - T)] p dr dx 
(4.22) 
for all w E k.(B), p EL,(B) and I = 0, l,..., n + 1. 
On the other hand, using (4.7) for i = 1, and (4.9), together with Holder’s 
inequality, we have 
Ii W)L 
0 s s I i(t - T) -cc z-(-T) [i(-T) R jl :l(~)/!1 + ($f-)“’ Ri(--7) 11 ‘~~(+,j 1 dr 
< constant X [ (1’ i(-T) /I :l(T)//; d$” + (lo i(-7’) // ‘&T),,; dT)“‘] . 
--33 --m 
(4.23) 
Similarly, and using (4.7) for i = 2, together with (4.10), we obtain 
S. constant X [(c, i(-T) j/ :1(T),/: d?)l” + (s’:, i(-T) // (t(T),,; dT)l”] , 
(4.24) 
Ii r&)110 
< constant X [ (J:u,i(-T) I/ $T),,; dT)l” + (.cf, i(-7) \I tb)iii dT)l”] . 
(4.25) 
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By virtue of the assumption (ul , 0,) E S%+r, we have that 
(n+1) h+z) h+1) 
(u I, ur, 01 ) 6 ~21(B) x L,(B) x L,(B) 
and b ?a+1 E H(B), kfl E H(B), r,,, E&(B). Hence, there exists a unique 
generalized solution, (i& e), to the problem 
h+1) h+2) h+1) 
A[('% 6, (v> a)] = I[( UI , UI , 0, ), (v, a)] + S[(b,+, , Y,+~), (v, a)] 
v (v, 4 E Tt, (4.26) 
since the assumptions of the existence and uniqueness theorems are met. 
We define now 
where (ti, 8) is given by (4.26). An application of Lemma 4.2 proves that 
is a solution to the equation 
(4 (n+1) bd 
4(% 6, (v> 41 = I[(u,, ur , @I), (v, 41 + Wb, , ~4, (v, 41 
for all (v, a) E Tt, , and proceeding by induction, we see that 
(1) (2) 
(UP 4 
satisfies 
(2) (2) (a) (2+1) (1) 
A((& 0 (v, 41 = mu1 > ur 9 ‘h>> (v, 41 + W, , rJ> (v, 41 V (v, a) E Tto 
(4.28) 
for 2 = 0, I,..., TZ. Obviously, (u, 0) defined by (4.27) has the required smoothness 
properties (4.20). 
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(b) Since (4.28) can be extended by continuity for (v, LY) in the completion 
of T+, under the norm given by 
I 6” [II v(t)ll; + II +(t,lli + II WI; + II 4% + Ii 4t)lIi + 1; II W: d’] dt 
+ to II WM + to II 4O)ll~~ 
li2 
we can choose 
(1) (1) (1) 
(u - ur 7 0) 
for (v, a). Let now t be in (0, to) and consider the equation (4.28) for B x [0, t]. 
If we differentiate twice with respect to t, we obtain 
d 
-.c 
_1_ ;;(q * 
(1+1) 
dt B2 
u(t) dx + $ .c, +- V:(t) . G(0) V:(t) dx 
Id 1 __ 
s 
c(0) Cz’ 
Tz JP B. 
O(t)2 dx - $ jtj Y(T) L(t - T) . V:(t) dx d7 
0 B 
+ ; s, j, V:(t) - G(t - T) V& dx d7- + i jB am . KV!(t) dx 
- jtj V:(t) * e(t - T) V:(T) dx dr - j V:(t) . G(O) V:(t) dx 
OB B 
+ 2 j :(I, t(O) + V:(t) dx + j”j O(T) ii(t - T) . V:(t) dx d7 
B 0 B 
+ LtjB &) E(t - T) - V:(T) dx dT + j ; C(0) :(t)2 dx 
B o 
+ LtjB f &) E(t - T) 1;;~) dx dT 
= jB [‘“:& - b,(t) + i y(t) +)] dx. (4.29) 
Integrating Eq. (4.29) between 0 and t’ and writing t, X instead oft’, t, we have 
jB ; ;:‘;t) - ‘“$) dx + jB + V:(t) . G(0) V:(t) dx + jB + p q (i(t), dx 
(2) (1) 
W(T) - KW(T) dx d7 
=D+E+J+Q+N, (4.30) 
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where the expressions on the right-hand side are given below. From the Cauchy- 
Schwarz and Young inequalities, together with (4.9), (4.10), we can deduce, in a 
way similar to that used in the proof of Lemma 4.1, the following estimates for 
D, E, F, J, Q, N: 
1 D / == / jtjAj [V:(A) .6(X - T) T:(T) - O(T) f,(A - T) . “t(X) 
0 0 B 
(I:(h) ji(X - T) . C:(T) - i E(A - T) !(A) O(T)] dx dh dr / 
< 2t, sup ilG(s)il 
[ wto1 
+ F sup 11 t(s)111 it (1: f(T)i,: + 11 t(T)/,:) d7 
O PJ,t01 0 
and 
1 E 1 = j j’j P:(T) . G(O) Vii(i) - 2&) i;(O) + Vi&) - f C(0) !(T)~] dx d7 1 
OB 
and 
and 
< + [sup II G(s>ll + (+)‘” (sup j/ E(s)ll)*‘” (sup )/ C;(S)\\)~‘~] c2 I/ 
LO, to1 0 1o.q wt,1 
+ $ (;; II Wll + ,$y’ (sup /I qsw2 (;y II c;(s)ll)l~2) 
’ 0 [O.%J ’ 0 
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and finally, 
I N j = 1 j-, [t(t) -b,(t) - I: . b,(O)] dx ) 
where E and y are arbitrary constants. 
Now, using conditions (4.3), (4.4), (4.5), (4.6), on the left-hand side of (4.30), 
together with the estimates obtained above, and choosing 
we get the inequality 
where m depends on to and the material. 
The estimate (4.31) is of the form 
(4.32) 
and it can be written 
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Integrating the above inequality, and using (4.32) together with the fact 
dv/dt > 0, we obtain 
w(t) < me”%@> + y(t)>; 
that is, 
(z+1) (2) (2) 
1 
(2+1) (1) (1) 
II u(t)liifi + II u(t>lt f II @)lli < m@ ll UI II: + II UI II; -t II or IIf, + II bdO)l/:, 
+ jot (II bd4I% + II Wli) dT/ . (4.33) 
On account of (4.23), (4.24), (4.2.5), inequality (4.33) yields 
(Zfl) (2) (1) 
II u(t>llo -L II uwll + II WN, 
+ (j” i(-T) I/ :l(T)l,; dT)“l + i j” i(-T) // (&T)Il; dT)1’2/ 
--m --m 
and Eq. (4.21) follows immediately by setting M = 2m, exp(mtJ2). On account 
of the fact that Xn+r is dense in Z, and the estimate (4.21), the theorem is fully 
proved in the general case. 
5. ASYMPTOTIC STABILITY OF SOLUTIONS 
Through .the use of a functional with suitable monotonicity properties [4-6] 
we study, in the present section, the asymptotic behavior of the generalized 
solutions, whose existence and smoothness have been investigated in the pre- 
vious section. 
In addition to the assumptions already stated in Section 4, we now make the 
following ones: 
(a) For fixed s > 0, 
G(x, s) = GT(x, s) a.e. on B. (5-l) 
(b) For any v E g21(B) 
s Vv.G(~)Vvdx~gg,llvll~, g, > 0. B (5.2) 
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(c) For s E [0, co) 
s Vv . e(s) Vv dx 3 g,(s) 11 v 11; for all v E Pk..(B), (5.3) B 
where the function gz(s) 3 0, and does not vanish identically in a neighborhood 
of s = 0. 
(d) The function i(s) in (4.7) isL,-integrable on (0, co), essentially positive 
and monotone decreasing. 
(e) For s E [0, 00) 
- s C(s) a2 dx 3 c2(s) /I 0111; , $(S) > 0 v 01 EL@). (5.4) B 
(f) For all s 2 0 
1~ Us)11 < @j”’ [~2(41”” k2N11’2, (5.5) 
where c2(s) and g,(s) are the functions appearing in (5.3), (5.4). 
Remark 5.1. Since lims+ao /I L(s)11 = 0, condition (5.5) and the Cauchy- 
Schwarz inequality imply 
where 
II USN < ($y2 [4W2 [g1(W2, s E [O, a), (5.6) 
cl(s) = irn c2(s’) ds’ and g,(s) = [mgz(4 ds’. (5.7) 
.S -S 
Then, 
and 
I^ C(S) 01~ dx 2 cl(s) i( a: # for all 01 EL,(B) (5.8) ‘B 
- 
s 
Vv * c(s) Vv dx 3 g,(s) [I v :i; for all v E G..(B). (5.9) 
B 
As a first step in the discussion of asymptotic stability of solutions, we proceed 
to the definition and the study of the time behavior of a certain functional which 
can be considered as a “free energy” of order I. 
LEMMA 5.1. Let (u, 0) be the generalized solution of equations (3.17), (3.18), 
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(3.24), (3.25) on B x [0, co) satisfying (u, 0) = (q ,0,) on (-co, 01, and let 
(ul , 8,) be in tin . Then, the functional zl defined by 
E,(t) 6:~ jB [+ V:(t) . G(m) V:(t) f ; p q (i(t)’ + ; p “:;:) . ‘;;:)] dx 
+ j;,s, I- &(t) - 2(T)] . qt - T) [Z(t) - v:(T)] 
- O(T) i;(t - T) - [I&) - V:~T)] + & C(t - T) &)j dx dT (5.10) 
is a nonnegative, noninmeasing function of t fey t E [0, CD) and 1 = 0, l,..., n. 
Proof. (i) We first prove that ZL(t) >, 0 for t E [0, m). On the one hand, we 
see that, on account of conditions (4.4) and (5.2), the first integral in (5.10) is 
nonnegative. On the other hand, and using (5.8), (5.9), (5.6), (4.3) we have that 
the second integral in (5.10) is bounded below by 
- Jo i(t - T)II /I (i&, /! :;s - :;T),~,] dT 
and the integral on the right-hand side of above inequality is nonnegative. Thus, 
the first part of the lemma is proved. 
(ii) We now assume that (ur , 8,) is in Zn+r and compute the derivative of 
&(t), I = 0, I,..., n. 
The functional &l(t) can be rewritten in the following form: 
s&(t) = f [+ V:(t) . G(0) V:(t) + ; ,, 9 
.B 0 
‘;);t,z + ; p “:;:) . ‘“:;:)] dx 
(1) (1) 
- 8(T) i;(t - T) ’ VU(t) 
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+ jIm jB [Z(t) * G(t - T) &*) - (&T) i(t - T) * v:(t) 
+ g i.(t - T) &T)2 + (i&T) L(t - T) - &T) 
- $$T) - t;(t - T) V$T)/ dx dT. (5.11) 
Differentiating (5.11) with respect to t, making use of l?qs. (4.29), (4.22), and 
grouping terms, we obtain, after a lengthy but straightforward calculation, 
-2,(t) = ij cj, [[Z(t) - vz(T)] . qt - T) [G(t) - vii(*)] 
(1) 
- f t(t - T) [t(t) - e(T)]” 
0 
- 2$(t) - y(T)] L(t - T) - [‘ii)(t) - &)]/ dx dT 
- $ j V:(t) + &i(t) dx. 
0 B 
(5.12) 
Then, using (5.3), (5.4), (5.5), we have that the first double integral in (5.12) is 
bounded below by the expression 
j:m [(g2(t - T))~” 11 f(t) - $T);,~ - (-&)1’2 (c2(t - ,))lj2 I/ (i(t) - ??)(T)i~,]” dT 
(5.13) 
which is nonnegative. This fact, together with assumption (4.6), yields 
G(t) < 0. (5.14) 
The denseness of Zn+r in &% and estimate (4.21) imply the validity of (5.12), 
(5.14) for (ur , 0,) in Xn . Th en, the proof of the lemma is complete. 
We now have all the necessary means to prove the theorem concerning the 
behavior of solutions as t - co. 
THEOREM 5.1. Let (u, 0) be the generalized soZution of Eqs. (3.17), (3.18), 
(3.24), (3.25) on B x [0, co) which satis$es (u, 0) = (ul , 0,) on (-co, 01, and let 
(ul , 0,) be in Hn . Then, for I = 0, l,..., n 
(1) (2+1) (2) 
II Wl - 0, II uWll0 - 0, II ewio + 0 (5.15) 
ast-+oo. 
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Proof. We start by making the stronger assumption (ur , 0,) E A%?,,+~ . Dif- 
ferentiating twice with respect to t and using integration by parts, we obtain 
&(t) == 2Zln(t) + j, [;i;;:) - G(m) V:(t) + p e e(t) 
c(co) 0) (2+2) 
0 
0(t) + ;i;‘t) - ‘;:)I dx 
t 
i s rt (1+2) (2+2) (1) (2) -[Vu(t) - VU(T)] * qt - T) [Vu(t) - VU(T)] --m B 
(2+2) (1) (2) (2) (2+2) (2+2) 
- L?(T) L(t - T) * [Vu(t) - VU(T)] - e(T) L(t - T) . [Vu(t) - VU(T)] 
+ f t(t - T) [O(T) ‘“$) - o(t) ‘“i:)]/ dx dr. (5.16) 
We denote by 2 all the terms on the right-hand side of (5.16) beyond the first. 
On account of the fact that Zt(t) 3 0, I = 0, l,..., n + 2, the Cauchy-Schwarz 
and Young inequalities, we have the following estimate for 2: 
I z / < 2zl,(t)1’2 -G+&)l’2 < &(t) + &+2(t) (5.17) 
and, therefore, we get the inequality 
I zw d W,(t) + 4+1(t) + G+z(t)l- 
But, by Lemma 5.1, &+l(t) < 0, &+2(t) < 0 for I = 0,; ,..., n. Hence 
I til(t>l < ~Fw) + -f%+,(O) + &+2(0)1 G c 
whence 
namely, 
~&8(t) + C&(t) = 1 [$.m2 + cw] < 0. (5.18) 
Since 
+&(t)2 + c&(t) b 0, (5.19) 
(5.18) and (5.19) imply the existence of limt3&~~(t)2 + C&(t)]. This fact, 
together with ZL(t) > 0 and &(t) < 0, establishes the existence of lim,,, &(t) 
and hence of lim,,, Z,(t), and this latter limit must be zero. Thus, by (5.12), we 
have shown that 
t 
IS S( 
(2) (2) (2) (1) 
lim 
t+m 
+[VU(t) - VU(T)] . G(t - T) [h(t) - VU(T)] 
--m B 
(1) (0 (2) (I) 
- [e(t) - e(T)] E(t - T) . [VU(t) - VU(T)] 
- $- E(t - T) [i(t) - :(T)]~) dx dT + ; s, v?(t) - &(t) dx\ = 0. 
(5.20) 
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We turn now to showing that (5.20) implies the required results. In view of 
(5.13), condition (5.20) yields 
lim tirr 1, f(t) - KVi(t) dx = 0 (5.21) 
which, on account of (4.6) and Poincare’s inequality, implies 
(1) 
II WI0 - 0 as t+cO (5.22) 
and (5.15), is satisfied. 
Now, by virtue of (5.22) we have that given any p > 0 there exists a t, , depend- 
(1) 
ing on EL, such that 11 B(t)\\: < p for all t > t, . Then, 
But 
s 
t (1) - 
i(t - T) II Q>ll; dT 
-02 
since i(s) is monotone decreasing and t > t, Obviously, the integral on the 
right-hand side of above inequality is finite. Now, for each -r, i(t - t, - T) --f 0 
essentially as t + co, and from the theorem of dominated convergence it follows 
that we can find a t, large enough as to have, given any v > 0, 
s 
t i(t - T) /I !;T),,; d7 < + for all t > t, . 
--m 
On the other hand, 
where we have chosen p such that sz i(s) ds < v/2p. Therefore, 
i(t - T) )\ (i(T)\\; dT = 0 
and since by (4.7) 
429 
t 
Is s --m B & t(t - T) ;l’S(t) -$(T)]~ dx dT 1 
<P’R t 
s 
(1) (1) 
24) --m i(t - T) // 8(t) - Ok,; d7 
t 
lim t+a: Is s --oD B & t(t - T) [o(t) - (i(T)]’ dx dT ( = 0. (5.23) 
Recalling (5.20), we see that in view of (5.21), (5.23), (5.3), (5.4), and (5.5), we 
are left with the result 
f(t) z S_tm&(t - T) 11 :‘(t) - i(T),,;dT 
=s 
om g&s) 11 z(t) - $t - s)IiT ds --f 0 as 
which we now show implies (5.15)2 . We have 
(2+2) 
II 4t)llf < 4+,(O) = Q2, 
where Q is a constant. But 
g [i(t) - :(t - s) - :$)] = ‘I:;: - s) - (y$) = 
which yields, through integration, 
(2) (2) (2+1) ?S pt (1+2) 
zz- 
(5.24) 
t-0-G 
s 
t (2+2) 
u(h) dh 
t-s 
u(t) - u(t - s) - su(t) = - J, J,-,, u(A) dh ds’ 
and therefore 
(0 (2) (a+0 
/I u(t) - u(t - s) - su(t)l,, 9 &Qs”. 
Hence, applying Young’s inequality, we have that for any T > 0 
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In virtue of the hypothesis on g2(s), we have 0 < v < g,(s) < p for 0 < s < y. 
Then, for T < y 
(1+1) 
+vT3 II u<t,ll,” < W(t) + &PC?~T~). 
On account of (5.24), we can take T = {f(t)}1’4 for t sufficiently large. Then 
(Zil) 
and, since v > 0, we have 
for 1 = 0, l,..., n. 
(Z-tl) 
\I u(t)llf --+ 0 as t+cO (5.25) 
The result (5.25) implies (5,15)2 in view of PoincarC’s inequality. Also, (5.15), 
is satisfied for 1 = 1, 2 ,..., n. 
Now, if we consider the pair of fields (a, 6) defined by 
s t ii(t) = ii1 +~(7) dr, d(t) = 6, + r’” O(T) dT, tE(-co, m) 0 0 
and recall Lemma 4.2 and Eqs. (4.22), we see that (6, e^) is also generalized 
solution on B x [0, co) with (a, , I!?,) on (- co, 0] belonging to #n+3 . Obviously, 
(2+1) (2) 
ii(t) = u(t) and 
(2+1) (1) 
d(t) = e(t). 
(2) ($ (1+1) 
Applying the same arguments to (6, 0), we conclude that lim,,, /j iI(t) = 0 
which, in the case 1 = 0, yields 
and (5.15)1 is also satisfied for 2 = 0. 
The denseness of Sn+2 in ZW and estimate (4.21) permit the extension to the 
case in which (uI , 0,) is in Sn . Then, the proof of the theorem is complete. 
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